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FAMILIES OF FINITE SETS WITH THREE
INTERSECTIONS

P. FRANKL
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Let X be a finite set of # elements and % a family of k-subsets of X. Suppose that for a given
set L of non-negative integers all the pairwise intersections of members of # have cardinality belong-
ing to L. Let m(n, k, L) denote the maximum possible cardinality of 4. This function was investiga-
ted by many authors, but to determine its exact value or even its correct order of magnitude appears
to be hopeless. In this paper we investigate the case |L|=3. We give necessary and sufficient condi-
tions for mn, k, LY=0(n) and min, k, Ly=0(n*), and show that in some cases m(n, k, L)
=0{n**), which is quite surprising.

1. Introduction

Let 0=l,<l,<..<l,<k<n be integers, and X a finite set of cardinality n.
We say that the family % of subsets of X is an (n, k, {/,, .... I})-system if for every
Fy, F.6F we have |Fi|=k, |FINFelh, ...}

Let us denote by m(nm k, {/;,...,1}) the maximum cardinality of an
(. k. 4y, ..., I})-system.

Theorem 1. (Ray—Chaudhuri, Wilson [7])
m(n, k, {li, ..., L}) = ["]. ]
Theorem 2. (Deza, Erdds, Singhi [3])

nn—
m(n, k, {0, a}) = Ti—a’

b

moreover, if a is not a divisor of k then
m(n, k, {0,a}) = n. |
For large » these theorems were generalized by

Theorem 3. (Deza, Erdés, Frankl [2]). Suppose n=ny(k) then

n—1,
Lk L, L)) = .
m(n, k, {§, 1 1;~]i];:?s i
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moreover if (L—1)ils—1)|.. \U,—IDI(k—1) does not hold then for some constait
¢ (k) we have
min b, {0, L) = et )

The next result generalizes the second part of Theorem 2.
Theorem 4. (Babai, Frankl [1]) [fgcd. i/, ..., [}k, then
m(n, ko4l ..., 1)) =

However if there exist non-negative infegers di, ..., d, such that k
=d\l,+dils+ .. +dd, then

2

min, k4, . I}) = 4%-_7 |

For some more results on (i, k. {/,. ... [})-systems cf. [5].

2. The statement of the results

We write f{n)=0(g(n)) il there exist positive constants ¢,. ¢, such that
O =c,gn). and g(n)=c, f(n) hold for n=n,. In[6]itis proved that

m(n kAl 1)) = O(m(n, k—1, {0, L—1,. ..., I~ 1})).

Therefore from now on we always assume /,=0. Trivially m(n. k. {0})
7 .
=|—1=0(n).
k
For s=2 from Theorems 2 and 4 we deduce

oy i alk

! [
] —
m{n, k, {0, a}) = 0@y it afk.

In this paper we are concerned with the case s=3. We shall see that the situa-
tion gets much more complicated. The following theorem gives a necessary and sufli-
cient condition for m(n, k. {0, ¢, b})=0(n) and m(n, k, {0, a, b})=O0(n?). As we
shall see, in a lot of cases m(n. k. {0, a. b})=0O(n*"*) holds.

To state the main result we need some definitions. Set b,=|b/al, and b,=
=b—bya ie. b=bja+b, with 0=b,<a. Wesay a, b, k satisfy (%) if there exist
non-negative integers /. g with k=fa+gb; and m(f. b,. {0, 1})=g.

If a, b, k satisfy the condition ( «) we assume always that f is chosen to be
maximal. Note that in the case g=0 we have alk, and in the case g=1 we have
k=b-+(f—bya. Thus in view of Theorem 4 in these cases m(n, k. {0. a. b}) = O
holds.

Theorem 5.
() If a, b, k do not satisfy (*), then
m(n, k, {0, a. B}) = O(n).
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(i) If a, b, k satisfy (%), g=3. f<bog and b—a does not divide k —a, then
m(n, k, {0, a, b}) = O,
m(n, k, {0, a, b}) = O(n#/s=1),

() in all the remaining cases we have
m(n, k, {0, a, b}) = O (n*).

Remark 1. The case (iii) of the theorem follows from the second part of Theorem 4.
In fact, either b—a divides k —a, and the statement follows from m(n, k. {0. a.b})
=m{n—a, k—a, {0,b—a}). or we have k=fu+gb =(f—gboa+gb, and we can
apply Theorem 4 as long as f=gb,. The only missing cases would be g=1 and g=2.
However () implies f=b, if g=1, and f=2b,—1 if g=2. Thus only the choice
f=2b,—1, g=2 would violate fz=gb,. However, in this latter case k=2b—a ie.
b—a divides k—a, acase which we have already considered.

Remark 2. The second part of (ii) will be proved by construction, we will give another
construction giving O(n®?) sets for a lot of the cases.

. « (n
Remark 3. In view of Theorem | we always have m(n. k. {0, a, b})= (3] Theorem 2
gives mi(n, k. {0.a.b})=0(*) unless al(b—a)i(k —a). However, 1o give a neces-
sary and sufficient condition seems to be very hard even for m(n, k. {0. 1. 3})=0(*).

For the proofs we need the following:

Theorem 6. (Erd6s, Rado [4)) Suppose & is a collection of distinct k-clement sets,
k,d=2, areintegers. If o | =d* k! then & contains a A-system of cardinality d+1, i.c.,
sets Ay, ... Agey such that for some set K, called the kernel, we have A;NA;=K
Jor cvery 1=i<j=d+1. ]

The next lemma was proved n [2].

Lemma 1. Suppose both K, and K, are kernels of A-svstenis consisting of k+1 meni-
bersofan (n.k, {l,, ...l })-svstem F. each. Then |K\ (iK€l ... [}, and also for
every FEF we have |[FOK e, .. 1) 1

3. Proof of (i) and of the first part of (ii)

Let 7 be an (n. k, {0, a, b})-system of maximum cardinality. Let us define
& (A) as the family of those g-subsets (b-subsets) which are kernels of A-systems of
cardimality k41 (k*+1) consisting of members of #, 1.e.. if Bc, then there exist
Fo, ..., Fie€F such that F,(1F;=B for Ozi<j=k* Let us set also A=A

Let us define F,={FeF: F= ) K}, thatis #, is the collection of those members
K F
of .# which are not obtained as the union of kernels of large 4-systems.

Proposition 1.
[ F| = kk*n,
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Proof. We associate with every F¢.%; an element x(F)EX which is not contained

n |J K. 1t is sufficient to show that no x€X is associated with more than
KZF Kex

k! k* sets F¢ Fy. Let F (x) denote the collection of sets F, associated with x, that is
x=x(F). In view of Theorem 6 it is enough to show that % (x) contains no A-systems
of cardinality A2+ 1. Suppose the contrary and let Fy, ..., Fi.,,; be the members of
such a A-system. As x€ F; for i=1, ..., k*+1, the kernel K of the A-system ulso
contains x. By definition, K¢.#" which contradicts the choice of x=x(F). |}

Set now F =% —%,. By Lemma | we know that if B,, B,<.#, then
|B, (1 B,|€ {0, a}. We say that B, B, is a bad pair if |B;(1B,|=a, but (B, B¢ .

Proposition 2. The number of bad pairs is at most (b! k?)*n.

Proof. For an x€X let us define #(x)={Bc%: x€B}. Suppose that #(x) contains
a A-system of cardinality k+1, and let By, ..., B,,; form such a d-system with
kernel A. By Lemma | we have |4|=a. We wantto show A€.«/. In order Lo do that
we have to find a 4-system of cardinality k41 with kernel 4, among the members

of #. Suppose we have chosen Fj, ..., F, such that B,c F,c# for i=1,...,1,
and the F; have pairwise intersection A. Since B, €%, there exist F°, . F"“
satisfying B,,, < F'¢.#, and the sets F'— B,,, are pairwise disjoint for /=0, ..., k%

Now setting Y,=F,U...UF,, we have |Y,|<kt=k® for t=k. Thus Y, cannot
intersect all the A2+1 pairwise disjoint sets F'—B,,; e.g. (F'—B,,)NY,=0. Set
F,.,=F° and continue. At last we obtain the desired 4-system F,, .... F,,; with
kernel 4, proving A€ ..

Suppose now B¢ #(x). Then in view of Lemma | we have |AMB/=a, and
consequently 4c B. Thus all the members of Z(x) contain 4. Applying again Lem-
ma | we deduce that the intersection of any two members of #(x) is just 4. Thus 4 (x)
contains no bad pair.

We have proved that if Z(x) contains a bad pair then it contains no 4-system
of cardinality k+1. Thus by Theorem 6 for such x€X we have |#(x)|=b!k".

Associating with every bad pair (B, B’) an element x€(BB’) we infer that
the number of bad pairs is at most 2 |#(x)|°, where the summation runs over all

x€X which are associated with some bad pair. As for such x we have showed
[%(x)|=b! kb, the statement of the proposition follows. |}

Now we give the proof of (i). First observe that every bad pair (B, B’) is con-
tained in at most one member of F (otherwise two such sets would have intersection
of cardinality at least 2b—a=b). Define &F, as the collection of those members of
&, which contain no bad pair. Then in view of Propositions 1 and 2 we have

) | Pl = — (kK% + (b KP))n.

Hence we may assume ./2 1s non-empty, let F be a member of it. Let us set
H(F)={Aco: ACF}. Then by Lemma | the members of &/ (F) are pairwise dis-
joint: let A4, ..., A, be these sets and D their union. Let us choose further a minimal
collection, say B,, ..., B, of members of # such that (F—D)S(B,U...UB)CSF.
It is possible because F € ,/'ZC F.

As Fe%,, all the pairs (B;, B;) are good for | (1<]<r Thus B;M B; is either
empty or one of the A,’s for l‘\r_q Hence the sets B; — , B,— D partition
F—D, moreover |B;— DI b—c;a for some integer ¢; O<L,§bo—[b/a] For every
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B;— D choose an arbitrary partition Ef, .. E,,) ., of it with |E{|=b,, and all the
other sets of cardinality . Now Fis pamtloned into sets of cardinality @ and b,, which
proves the first part of (*)—actually g=r, f=g+ > (by—c).
1=r=r
To prove the second part of (%) set &={Ay, ... A, El, ..., E}_. . EL ...

. Ef,_.}). Then & has f elements. Now define for every Js l é’jég the set
{Eﬁé ES B} Then &; has cardinality b,, and for 1=j#;=g we have
](” Né&;1€ {0, 1}, provmfz m(f by, {0, 1})=g, concluding the proof of ().

"Now we turn to the first part of (ii). In view of (1) it will be sufficient to show
| %= O0(1*?). Maintaining the previous notations and using the condition f<b,g,
we deduce that for an arbitrary F€%, we can find B;. Bj» suchthat 1=,=;" =g=r
and B;MNB;,=A, for some l=1=¢. Moreover, the members of # intersect in at
most b elements whence every such pair (B;. B}.) is contained in at most one member
of % . Thus it will be sufficient to prove:

Proposition 3. The number of pairs (B, B") with B, B'’c¢#, 3Fe#, (BUB)CF,
(BMBYe oA is at most O(n®?).

Proof. Let us construct a graph # on the vertex-set .o/ U#, and with the follow-
ing edges: (4. B) if ACB; (B, B)if(BNB')cs/, and BUB’ is contained in some
Fe 7. Actually we are interested in the number of these latter edges, however this is
the same as the number of triangles which have one vertex in 7. Let d(A4) denote the
degree of A, ic., d(A)=|{B€%B: AcB}|. Let further 1(4) denote the number of
triangles in # through the vertex A. Setting #F(—A)={F—A: AC FEF}, we have
H{A)=|F(—A). As F(—A) is an (n—a, k—a, {0, b—a})-system and b-—a does
not divide k —a, by Theorem 2 we have |# (—A)|=n. We conclude

2) 1(A) = min {n, ([1(2/1)]}.

As . is an (n, a, {0})-system. we have |&/|=n/a. Similarly atp, Lemma 1 and
Theorem 2 yield |#|=n.

Let a(i) (A(i)) denote the number of vertices in & which have in # degree i
(at least /), respectively. We claim:
3 A() = byn/i.

In fact the contrary would imply that there exists a vertex B¢# which is
connected to at least by+ | vertices, say Ay, ..., Ap,41 in &, L&, B2(Ay, ..., Ay 1)
However, this latter union has cardinality (b0+ l)a >b and this COl’ltrddlCthI’l proves

(3).
. d(A)) : . .
Let us denote min i, 2 by 5(d(A)), and the number of triangles having
one vertex in & by 7(s). Then using Abel-summation we infer:

4 ()= 2 1(d)y= 3 aDb(i)= 2J A@)bGH-b3i-1).
A€o 2=i=n

l1=i=n
To get (4) we used of course b(1)=0. Now b(i)=b(i—1) for i=2+V2n,
b(iY—=b(i—1)=i—1 for alli. Thus taking into account (3) from (4) we obtain:

(A = Z _bg”(i— l)/[ < b()"(l +l/§;) - 0(”3/2). .

2si<24y2n
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4. The constructions

As in Remark | we have shown that (iii) is a consequence of Theorem 4. we
have to prove only the second inequality in (ii). The construction is quite involved.
Let us first resume the main idea.

For some integer m and every sequence of g integers (f,,....17,), O=r<m
for 1=i=g, we construct a different set of cardinality &, 1.e. the sets wnll be umque!y
determined by the corresponding sequence. We call ¢; its i'th coordinate. The k-sets
will be obtained as the union of some members of a family of pairwise disjoint a-sets
and b, -sets, which we call bricks. The bricks all carry information about the coordi-
nates of the k-set, however they are all determined by at most g —1 coordinates. Thus
the ground set, i.e., the union of all the bricks has cardinality O(m“~1), while the total
number of k-sets will be m#. The information or coordinates of the bricks will be orga-
nized in such a way that if two k-sets both contain either 2 bricks of size ¢ or one of
size by, then they coincide in b, bricks of size & and one of size #, or entirely. Thus the
possible cardinalities for pairwise intersections will be 0, ¢ and bya+ b, =b. as desired.

Let f. g, b,. b, as in Theorem S and let /i, .../ be by-subsets of {I. ... [}
satisfying [/;(11,./€{0, 1} for j=/".

Let i be lhc largest integer such that km¢~'--n. Letus arrange fm¥ a-element
sets and gm? b, -element cets, all pairwise disjoint, in a rectangular array with f+¢
columns, m? rows. The first fcolumns contain the a-sets, the last g the b-sets. We index
the rows by integer sequences T=(t, ....1,); 0=¢=-m for 1=j=g

For every such sequence T we define a set F(T) which will be the union of
f+g sets, one from cach column. Thus "F(7)'=k.

For 1=izf the component of F(T)in the /'th column will ke the 7T(/)th.
where 7(i) is the unigue sequence which has 0 1n the j'th position whenever /£7,.
1= jzig, and has the same entry as T everywhere else. As  f<byg, we may assume
that every /, 1 =2i= /| Is contained in at least one /;, 1=j=g. Thus 7(i) has at most
g—1 non-zero entries.

For f+1=i=f+g the component of F(T)in the i’th column will be the one
having index 7(i), where T(7) is the unique sequence having 0 in the ( f—i)’th position
and coinciding with 7" in the remaining g—1 positions.

Weset &# ={F(T): T=(¢. ...,1) [=t;=m, for I=j=g}.

By definition we have used from each column at most m¢~* sets. Thus the union
of all the F(TYs has cardinality at most (fa+gb)m? '=kmi='=n. Of course
| % |=m?. So we only need to show that the pairwise intersections of members of 7
have cardinalities all belonging to {0.a, b}. Let, in fact, F(I) ad F(T') be two
members of .Z . I{ they are disjoint, then we are done. If not, then there is at least one
element of the array which they both contain. Arguing indirectly we may assume that
etther this is in the last g columns or they have at least 2 elements of the array mn
common in the first f columns. In the first case let f+/ be the index of this column.
l=i=g, le. T(f+i)=T'(f+i). But Tand T(f+/) differ in at most one position,
the i’th. Thus T(j)=T'( ;) whenever jeI;, and any more coincidence would imply
T=T'. Hence |F(TNF(T") =bya+b,=b, as desired.

Now the proof of Theorem 5 is complete. Now we want to describe an
alternative construction, which gives O (%% sets, however it does not work in all cases
covered by (i1).

We replace m( [, by, {0, 1})=¢ by a much stronger assumption. We suppose




THREE INTERSECTIONS 147

that there exists an (f, by, {0, 1})-system /,,.... [, and an embedding, ¢ of it into
a projective plane, P over the finite field of ¢ elements, for some prime power g.
Moreover, the embedding has the property that the image of /; is contained in some
line for 1=/=g andif r,s€{l. ..., f} are both contained in at least two of the sets
{; then there exists an /. which contams them both. This latter condition means that
the restriction of {I,. ..., 1,} to the points of degree at least 2 is a pairwise blanced
design.

By symmetry we may assume that ¢(1), ¢(2), ¢(3) are not collinear points
of P. Then we can express all the other points of P in terms of these points using ho-
mogenous (barycentric) coordinates. Let /1;(f) denote the /'th coordinate of ().
l=i=3, 1=j=/ In particular, J; i())=0;; for 1=j=3.

Let 1,....f, be the points of degree at least 2 in {1, ..../}. For an integer ¢,
we set p(t)—(q’ 1 1}(g—1). Let m be the maximal integer satisfying  fyap(m)
(=S +8) by p(m)’ =n.

Let W be the m-dimensional projective space over G F(g). We form two arrays:
one consisting of pairwise disjoint a-sets, and of size p(m) by f;. The second of size
p(m): by f—fy+g. which consists of pairwise disjoint sets, which are also disjoint to
the sets of the first array. The sets in the first f—/; columns are of size a4 while all the
others have size b, . The rows are indexed in the first array by the points of W, while in
the second by its pairs of points.

Now with every non-collinear triple of points iw,. i, w3€ W we associate a
k-set. For that in every /; we fix two points of degree = 7 r( /). s(j). For /0<i_"f
let /. be the unique /; contammL i. Now the k-set F(n., wy, wy) will be the union
of f+g sets, one from each column of each array. The index of the entry from the
i'th column is Ay (Dw, +hy(Dw,+hy(Dw, for 1=i=f,. For the (f—fy+/)th
column this index is the pair of indices for the columns (), s(j): while for the co-
lumn 7. O<f=f—f; this index is identical with that of the (f—f,+/j(r-+£))'th
column.

As the number of triples w,, w,. wy is O(n*%) we only have to show that
for different triples r,. vy, £y and wy. iy, v, the intersection of  F(v,, v,. vy) and
F(w,. w,, wy) has cardinality 0, « or b.

As every point of a line can be uniquely expressed as the homogenous linear
combination of two given points of this line, we see that if the two sets agree in two
entries of the first array, then they agree in all the other columns corresponding to the
set ; going through these two points. If they agree in a position in the second array,
then they agree in all the columns corresponding to that /;. These would give inter-
section of size . However if they would agree 'anywhere else. then the two k-sets
would be identical, as all the points of a plane can be expressed as homogenous linear
combination of 3 non-collinear points. This would imply that they agree in the first 3
columns, thus o, =wy, ty=iw,, 3=y, proving our claim.

Added in proof. Z. Fiiredi proved that there are vaiues of a. b and k tor which
m(n.k, {0, a, b})= O (n*?) holds. Most recently the author showed that for every
rational plg. p= ¢, there exist & and L with m(n. k. LY=0(n").
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