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FAMILIES OF FINITE SETS WITH T H R E E  
INT E RSE CT IONS 

P. F R A N K L  
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Let X be a finite set of n elements and ,-~- a family of k-subsets of X. Suppose that for a given 
set L of non-negative integers all the pairwise intersections of members o f f f  have cardinality belong- 
ing to L. Let re(n, k, L) denote the maximum possible cardinality of ~ This function was investiga- 
ted by many authors, but to determine its exact value or even its correct order of magnitude appears 
to be hopeless. In this paper we investigate the case ILl = 3. We give necessary and sufficient condi- 
tions for rn(n,k, L)=O(n) and m(n,k, L)~_O(n"), and show that in some cases m(n,k, L) 
=O(n~/~), which is quite surprising. 

1. Introduction 

Let 0 ~ I 1 < I ~ <  . . . .  I~<k<n be integers ,  and  X a finite set o f  ca rd ina l i t y  n. 
We  say t ha t  the  f ami ly  ,~  o f  subse ts  o f  X is an (n, k, {Ix . . . . .  l~})-system if  for  every 
F1, F2E,~- we have I F l l = k ,  IFlfqF21~{I~ . . . . .  I~}. 

Let us d e n o t e  by  m ( n , k ,  {ll . . . . .  I~}) the  m a x i m u m  ca rd ina l i t y  o f  an  
(n, k, {ll . . . . .  , l~})-system. 

Theorem I. ( R a y - - C h a u d h u r i ,  Wi l son  [7]) 

. . . .  ' 

Theorem 2. (Deza ,  Erd6s ,  S inghi  [3]) 

n n - -  a 
m(n, k, {0, a}) ~_ k k - a '  

moreover, i f  a is not a divisor o f  k then 

re(n,  k, {0, a}) ~ n. II 

F o r  large n these t heo rems  were genera l ized  by 

Theo rem 3. (Deza ,  Erd6s ,  F r a n k l  [2]). Suppose n > n 0 ( k )  then 

n - -  I i , 

m ( n , k , ( l ~ , . . . , / s } )  ~1~,~1] k - l i  
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moreover i f  (I., 1T)i(la--l.~)l...](l,--ll)[(k-I~.) does not hole/ then jo," some constant 
c(k) we ha~,e 

,,,(,,, k, {/, . . . . .  /~) ~ c(a),, ~-'. I 

The next result generalizes the second part of  Theorem 2. 

Theorem 4. (Bahai, Frankl [1].) / fg .c .d .  {1] . . . . .  /,}{k, HTen 

, , , ( , , , / , ,  {4 . . . . .  4}) ~ ,,. 

Howerer (f there exist non-negative integers d~, . . . ,  ~ (  SZlC]I l/lot k 
=d~ll +dJ,,_+... +d.,l~ then 

n-' I 
re(n, k, {/,, . . . , / ,})  -: 4k"" 

For some more results on (n, k, {1, . . . . .  /.,})-systems cf. [5]. 

2. qfhe statement of  the results 

We write f (n)=O(g(n))  if  there exist positive constants c,,  c2 such that 
. f ( n ) - c , g ( n ) ,  and g()O--('ef(n) hold for n>n0.  In [6] it is proved that 

,,,(,,, a, {l, . . . . .  1,1) = O(m(, , ,  k - l , ,  {0, I : - 4  . . . . .  / , - / , } ) ) .  

Therefore  fi-om now oll we always assume I1=0. Trivially re(n, k, {0}) 

For  x = 2  from Theorems 2 and 4 we deduce 

/O(n~) if a[k 
nl(n, I,-, {0, a}) = /O(n) if a{k. 

In this paper we are concerned with the case s - 3 .  We shall see that the situa- 
tion gets much more complicated. The following theorem gives a necessary and suM- 
cient condition for m(m k, {0, a, bl)=O(n) and re(n, k, {0, a, b})----O0i'-). As we 
shall see, in a lot o f  cases  m(n. k, {0, a, b})= O(n a/2) holds. 

To state the main result we need some definitions. Set b,,=[b/a], and bt= 
=b-b , ,a  i.e. b-boa+b t  with O~b~<a. We say a, b , k  satisfy ( , )  if there exist 
non-nega t ive in tegersJ~gwi th  k=.fa+gb~ and re ( f ,  b0, {0, I})_->g. 

If a, b, k satisfy the condition ( * )  we assume always that f is chosen to be 
maximal. Note  that in the case g = 0  we have a]k, and in the case g =  1 we have 
k : b + ( f - b , ) ) a .  Thus in view of  Theorem 4 in these cases m(,,, k, {0, a, b})---O(n e) 
holds. 

Theorem 5. 

(i) Ira. b, k do nor sail.sly ( ~ ), then 

,,,(,,, k, {o, (,. b}) = oo0. 
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(it) l f  a, b, k sati.~fl' (-*~), g~3 ,  f <bog aml b - a  does not divide k - a ,  then 

re(n, k, {0, a, b}) ~ O(n:'/2), 

, ,( , , ,  k, {0, a, b}) .... 

Off) in aft the remaining cases we have 

,,,(., k, {o, b} ) : -  O(,,"). 

Remark 1. The case (i i i) of the theorem follows fl'om the second part of  Theorem 4. 
In fact, either b - a  divides k - a ,  and lhe statement fol lows from m(m k, {0, a,b}) 
~ m ( n - a , / < - a ,  {0, b - a} ) ,  or we have k = f a + g b t = ( f - g b o ) a + g b ,  and we can 
apply Theorem 4 as long as f~gbo .  The only missing cases would be g =  1 and g=2. 
However (-,)  implies f ~ b o  if g =  l, and f -~2b0 -  I if g=2. Thus only the choice 

f = 2 b 0 - 1 ,  g = 2  would violate f----gb,}. However, in this hitter case k = 2 b - a  i.e. 
b - a  divides k - a ,  a case which we have already considered. 

Renlark 2. The second part of (it) will be proved by construction, we will give another 
construction giving O(n a/'-) sets for a lot of the cases. 

Remark 3. In view of Theorem l w e  always have re(n, k. {0, a,b}): -[~j ,  
/ N 

Theorem 2 

gives re(n, k. {0. a. b})= O(,1 e) unless a l ( b - a ) i ( k - a ) .  However. to give a neces- 
sary and sufficient condition seems to be very hard even for re(n, k. {0. 1,3})= O(ne). 

For the proofs we need the following: 

Theorem 6. (Erd6s. Rado [4].) Suppose ,~i' is' a collection of  distinct k-element sets, 
k, d~_2, are integers. 1[ !<4[ >d~ k ! then d contains a d-srstem ojcardinati O" d+ I, i.e., 
sets A 1 . . . .  , A,l+t such that for some set K, called the kernel, ire hatw AiJqAi=K 
for every I -_.i<j-=d+ 1. I 

The next lemma was proved in [2]. 

Lemma 1. Suppose both Kt and K.,_ are kerswL~ o f  A-sy.wems consisting o f  k + I mem- 
bers qfa i ,  (,1./,', {1, . . . . .  l,})-.trstem ~.  each. Then [K, r-,K..,l¢: {/, . . . . .  1,}, a,d  a/.,o .f'or 
every F~.~ we have IF?~GiE{ / ,  . . . . .  /.,}. I 

3. Proof of (i) and of the first part of (ii) 

Let .N be an (n, k, {0, el, b})-system of maximunl cardinality. Let us deline 
s/(/,/3) as the family of those a-subsets (b-subsets) which tire kernels of  A-systems of 
cardinality k-I- I (ka+ I) consisting of members o t ' j ,  i.e., if BE:N, then there exist 
Fo . . . . .  Fk,,,~,~ such that F i f i F i = B  for O:=-i<.j---k 2, Let us set also ,:~r=~¢/LJ!d. 
Let us define ,~~0={FE,N: F-~ LJ K}, that is ,G} is the collection of ihose  lnembers 

K < F  
K C.;¢ 

of.~- which tire not obtained as the union of kers~els of large A-systems. 

Proposition 1. 
JYuI ~ k!k~kn. 
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Proof. We associate with every FEYo an element x(F)EX which is not contained 
in U K. It is sufficient to show that no xEX is associated with more than 

K.~_F,K(_)? 

k! k 2k sets FE~0. Let ~,~(x) denote the collection of sets F, associated with x, that is 
x = x(F). In view of  Theorem 6 it is enough to show that ,~ (x) contains no A-systems 
ofcardinali ty k e + l .  Suppose the contrary and let Ft . . . . .  F~+x be the members of  
such a A-system. As x6Fi for i=  I . . . . .  k2+ l ,  the kernel K of the A-system also 
contains x. By definition, KC.~" which contradicts the choice of  x=x(Fl). II 

Set now ,~-l=Y---~-0. By Lemma 1 we know that if Ba, B2~:~, then 
]B~ I~l B,,IE {0, a}. We say that Bt, B 2 is a bad pair if IB~ O B2[ =a ,  but (B~ (-/B 2) q ~¢. 

Proposition 2. The mtmber of  bad pairs is' at most (b ! kb)"-n. 

Proof. For  an xEX let us define :~(x)=  {BEM: xEB}. Suppose that .~(x) contains 
a A-system of  cardinality k +  1, and let B a . . . . .  Bk+ ~ form such a A-system with 
kernel A. By Lemma 1 we have I Al=a .  We want to show AE ~' .  In order to do that 
we have to find a A-system of cardinality k +  1 with kernel A, among the members 
o f ~ .  Suppose we have chosen F~ . . . . .  F, such that B~cF~E.~ for i~-I . . . . .  t, 
and the F,. have pair-wise intersection A. Since B,+aE.~, there exist F ° . . . . .  F k~ 
satisfying B,+IcFiE.~, and the sets Fi-B,+L are pairwise disjoint for i = 0  . . . . .  k"-. 
Now setting Y,=F1L,J...UF~, we have IY~[<kt~k2 for t~k .  Thus Y, cannot 
intersect all the k2+ 1 pairwise disjoint sets F - B , + a  e.g. (F  ° - B , + 0 ( ~  Y,=0. Set 
F ,+~--F °, and continue. At last we obtain the desired A-system F~ . . . . .  F~+~ with 
kernel A, proving AEM. 

Suppose now BE~(x) .  Then in view o f L e m m a  1 we have [A(~lBi=a, and 
consequently A c B. Thus all the members of  '~(x) contain A. Applying again Lena- 
ma I we deduce that the intersection of  any two members of  ~ (..v) is just A. Thus ;~(x) 
contains no bad pair. 

We have proved that if ~(.v) contains a bad pair then it contains no A-system 
ofcardinali ty k +  I. Thus by Theorem 6 for such xEX we have IM(x)l ~-b! k b. 

Associating with every bad pair (B, B ' )  an element xE(BOB') we infer that 
the number of  bad pairs is at most ~ [~(x)] ~-, where the summation runs over all 

xEX which are associated with some bad pair. As for such x we have showed 
[~ (x ) [~b!  k b, the statement of  the proposition follows. II 

Now we give the proof  of  (i). First observe that every bad pair (B, B')  is con- 
tained in at most one member of,~" (otherwise two such sets would have intersection 
of  cardinality at least 2b-a>b).  Define ~ as the collection of  those members of  
~a which contain no bad pair. Then in view of  Propositions 1 and 2 we have 

(1) 1~[ ~- 1.~-[-(k!k ")k +(b!k~)~)n, 

Hence we may assume , ~  is non-empty, let F be a member of  it. Let us set 
~ ' ( F ) =  {AE~¢: A~F} .  Then by Lemma 1 the members o f ~ t ( F )  are pairwise dis- 
joint: let A~ . . . . .  A~ be these sets and D their union. Let us choose further a minimal 
collection, say Ba . . . . .  B, of  members of  M such that (F--D)~(BaU.. .  LI B~)~ F. 
It is possible because F E ~ = ~ .  

As F E ~ ,  all the pairs (Bi, B~.) are good for 1 ~ i < j ~ r .  Thus B~B~ is either 
empty or one of the A,'s for 1 :~t~_q. Hence the sets Bx--D, ..., B , - D  partition 
F - D ,  moreover IBi--D[=b--cia for some integer el, O<-c~<-bo=[b/a]. For every 
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Bi -D choose an arbitrary partition E~ .... E~ ,. of  it with IEgl=b, and all the 
. . . .  7 .  . ) - -  i • , ~ • 

other sets ofcardmahty  a. Now F is partmoned into sets ofcardmahty a and b 0, which 
proves the first part o f ( , ) - - a c t u a l l y  g=r, f = q +  ~ (bo-ci). 

To prove the second part of (-*) set ~={A~, .  . . . . . .  Aq, E1 ~, ,Elb0_ct, Ef,40 ... 
. . . .  Ego_,,r}. Then d' has f elements. Now define for every .L 1 ~.j~g the set 
~')={EEg: E%Bj}. Then ~j has cardinality b0, and for l:~j~./'~g we have 
l~iFld),lE {0, 1}, proving re(f, bo, {0, l})~g,  concluding the proof o f ( , ) .  

Now we turn to the first part of (ii). In view o f ( l )  it will be sufficient to show 
I-~P ~ O(na/e) • Maintaining the previous notations and using the condition f<bog, 
we deduce that for an arbitrary FC-~ we can find Bj, Bj, such that 1 -<j~j'* ~_g = r  
and Bjf-)B.i,~-A t for some l<=t~q. Moreover, the members of ~ intersect in at 
most b elements, whence every such pair (Bj, Bj,) is contained in at most one member 
of ,~. Thus it will be sufficient to prove: 

Proposition 3. The number of pairs (B, B') with B, B'6~, EFE,~, (BUB')C=F, 
(B?B ' )~ ,e¢  is at most 0(n3/'2). 

Proof. Let us construct a graph ,g: on the vertex-set ~'LJ,~, and with the follow- 
ing edges: (A, B) if  AcB;  (B, B') if(BNB')~.s¢,  and BU B' is contained in some 
FG:~. Actually we are interested in the number of these latter edges, however this is 
the same as the number of triangles which have one vertex in ,~¢. Let d(A) denote the 
degree of  A, i.e., d(A)=I{BE°~: AcB}]. Let further t(A) denote the number of 
triangles in ,~g through the vertex A. Setting ,~ - ( -A)=  {F--A: A c FC~-}, we have 
t(A)<=},~(-A)]. As ~ ( - A )  is an (n-a, k - a ,  {0, b-a})-system and b - a  does 
jaot divide k - a ,  by Theorem 2 we have j - ~ ( - A ) ] ~ n .  We conclude 

(2) t(A) "~ min{n, (d(A))}. 

As m" is an (n, a, {0})-system, we have I,c¢[~n/a. Similarly afb, Lemma I and 
Theorem 2 yield I~[~n.  

Let a(i) (A(i)) denote the number of vertices in ~ which have in 0~¢# degree i 
(at least i), respectively. We claim : 
(3) A(i) ~ bon/i. 

]n fact the contrary would imply that there exists a vertex B ~  which is 
connected to at least b0+l  vertices, say Aa . . . . .  Ab0+l in o~¢, i.e., B ~ ( A  1 . . . .  , Aoo+~ ). 
However, this latter union has card inality (b0 + l)a >b,  and this contradiction proves 
(3). 

{ Let us denote rain n, by b(d(A)), and the number of  triangles having 

one vertex in ~ by t (~ ) .  Then using Abel-summation we infer: 

(4) t ( ~ )  = ~ t(A)<= .~ a(i)b(i)= ~ A( i ) (b( i ) -b( i - l ) ) .  

To get (4) we used of  course b ( l ) = 0 .  Now b(i)=b(i- l )  for i=>2+l/2-nn, 
b(i)-b(i-1) ~ i - 1  for all i. Thus taking into account (3) from (4) we  obtain: 

t(,~) ~ Z bon(i- l)/i < b0n(l + l / '~)  = O(na/~). II 
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4. The constructions 

As in Remark 1 we have shown that (iii) is a consequence o f  Ttleorem 4, we 
have to prove only the second inequality in (it). The construction is quite involved. 
Let us first resume the main idea. 

For  some integer m and every sequence o f  g integers (G . . . . .  t,s), O~ti-<m 
for I >_i~g, we construct  a difl'erent set ofcardinal i ty  k, i.e. the sets will be uniquely 
determined by the corresponding sequence. We call t~ its i ' th  coordinate. The k-sets 
will be obtained as the union of  some members of  a family o f  pairwise disjoint a-sets 
and b~-sets, which we call bricks. The bricks all carry information about the coordi- 
nates o f  the k-set, however they are all determined by at most  g - I coordinates. Thu,, 
the ground set, i.e., the union of  all the bricks has ca,dinali ty O (m."-~), while the total 
number  of  k-sets will be nt ~J. The reformation or coordinates o f  the bricks will be orga- 
nized in such a way that  if two k-sets both contain either 2 bricks of  size a or one o f  
size b~, then they coincide in bo bricks of  size a and one of  size b~ or entirely. Thus the 
possible cardinalities for pairwise intersections will be 0, a and boa +b:~ - b .  as desired. 

Let .1~ g, b, ,  h~ as in Theorem 5 and let I~ . . . . .  /~; be b0-subsets o f  {1 . . . . .  f )  
satisfying !l~Cili,l~ {0, 1} for .i~.i'. 

Let m be the largest integer such that kin'.'- ~ -_ n. Let us arrange.fro ~' a-element 
sets and gm Cj bt-e[ement ~ets, all pairwise disjoint, in a rectangular array with /+,~ 
columns,  m g rows. The f i r s t fco lumns  contain tlae a-sets, the last g the b-sets. We index 
the rows by integer sequences T- ( ta  . . . . .  to)'. O~li<nl for I -- i~g .  

For every such sequence T ,xe  define a set F(T)  which will he the union of  
j + g  sets, one from each colunm. Thus 'F(T)  I =/,-. 

For I ~ i Q / '  the component of F(T) in the i 'th column \~ill he the Y(i)'th. 
where T(i) is the unique sequence which has 0 in lhe j ' th  position whenever i~I  i. 
] >./r:g, and has the same entry as T everywhere else. As ./<bog, we may assume 
that everyi, [ :  i - f ,  is contained in at least one I j ,  l = j ~ g .  Thus T(i) has at most 
g -  1 non-zero entries. 

For f + l > i ~ J + g  the component o fF (T )  in the i ' thcolumn will be the one 
having index T(i), where T(i) is the unique sequence having 0 in the ( f - i ) ' t h  position 
and coinciding with Tin the remaining g - 1  positions. 

We set , Y =  {F(T):  T=(G . . . . .  to), 1 ~ t i ~ - m ,  for I "-.,"~-~e}. 
By definition we have used from each column at most m 0-~ sets. Thus the union 

of  all the F(T) ' s  has cardinality at most ( [ a + g b t ) m " - a = k m ~ - ~ n .  Of  course 
l.~] = m  ~. So we only neecl to show that the pairwise intersections of  members o f  J;- 
have cardinalities all belonging to {0, a, b}. Let, in fact, F(T)  ad F(T ' )  be two 
members of,~-, l f t hey  are disjoint, then we are done. If not,  then there is at least one 
element o f  the array which they both contain. Arguing indirectly we may assume that 
either this is in the last g columns or they have at least 2 elements o f  the array in 
common  in the f i , ' s t fcolumns.  In the first case let f + i  be the index of  this column. 
1 ~i~-g,  i.e. T ( ) r + i ) = T ' ( f + i ) .  But T a n d  T ( f + i )  differ in at most one position, 
the i ' th.  Thus T ( j ) =  T ' ( j )  whenever ./<ll, and any more coincidence would imply 
T - - T ' .  Hence 1F(T)~  F ( T ' ) ! = b , a + b a = b ,  as desired. 

Now the p roof  o f  Theorem 5 is complete. Now we want to describe an 
alternative construction, which gives O(n '~72) sets, however it does not work in all cases 
covered by (it). 

We replace m(./'~ bo, {0, I } ) - g  by a much stronger assumption. We suppose 
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that  there exists an (.f, b0, {0, I})-system I. . . . . .  ly and an embedding,  ~p o f  it into 
a projective plane, P over the linite field o f  q elements, for some prime power q. 
Moreover ,  the embedding has the proper ty  that  the image o f / i  is contained in some 
line for I :~./~:g, and if r, s£{l  . . . . . .  / '} are both contained in at least two of  the sets 
I.i then there exists an Ij, which contains them both, This latter condition means that 
the restriction of  {I~ . . . . .  /~} to the points o f  degree at least 2 is a pairwise blanced 
design. 

By symmet ry  we may assume that  ¢p(l), (p(2), o(3)  are not coll inear points 
o f  P. Then we can express all the other  points o f  P in terms of  these points using ho- 
mogenous  (barycentric)  coordinates.  Let h~(,/') denote  the i ' th  coordinate  of  ~p(/'), 
I ::i- 3, I ~./>,/:  In particular,  hi(.i)=6c.i for 1 - . / ~ 3 .  

Let 1 . . . . .  .£ be the points o f  degree at least 2 in {I . . . . . .  f} .  For an integer t, 
we set p ( t ) = ( q  ' + j -  l ) / ( q - 1 ) .  Let m be the maximal integer satisfying ./i, ap(m) 
d- ( f -Jl, + g) bl p (m) e ~= n. 

Let W be the m-dimensional  projective space over GF(q). We form two arrays: 
one consist ing o f  pairwise disjoint a-sets, and o f  size p(m) by.t0. The second o f  size 
p(n~) e by . f - f ~ +g ,  which consists o f  pairwise disjoint sets, which are also disjoint to 
the sets o f  the first array. The sets in the first/-Ji~ colunms are of  size a while all the 
others have size b~. The  rows are indexed in the first array by the points o f  W, while in 
the second by its pairs of  points. 

Now with every non-coll inear triple of  points ic~, It2, wa(- W we associate a 
k-set. For  that  in e v e r y / i  we fix two points of  degree ~ 2 ,  r ( j ) ,  s ( . / ) .  For  fo<i=-.l" 
let l.i,i~ be the unique Ij containing i. Now the k-set F(w.,  n',,, wa) will be the union 
of  f + g  sets, one f rom each column of  each array. The index of  the entry f rom the 
i ' th  colun-m is h~(i)w~+h,,,(i)%+h:,,(i),' a for  I ~ i ~ l l ) .  For the ( fm/ i )+j) ' th  
column this index is the pair o f  indices for the columns r ( j ) ,  s ( . / ) ;  while for the co- 
lumn I, 0<t-_-.fl-./i~ this index is identical with that  o f  the ( f - f ~ + . , / ( t + f , ) ) ' t h  
c o l u n l l l .  

As the number  of  triples % ,  we, wa is O(113/e) we only have to show that  
for different triples r t ,  c.,., t>, and ~l'~, ~l,~. lca the intersection of  F ( q ,  v2. t:a) and 
F(wt. we, u,a'l has cardinali ty 0, a or b. 

As every point  o f  a line can be uniquely expressed as the homogenous  linear 
combina t ion  of  two given points o f  this line, we see that  if the two sets agree in two 
entries of  the first array, then they agree in all the other columns corresponding to the 
set I~ going th rough  these two points. I f  they agree in a position in the second array, 
then they agree in all the columns corresponding to that  1~. These would give inter- 
section of  size b. However  if they would agree 'anywhere else, then the two /,'-sets 
would be identical, as all the points o f  a plane can be expressed as homogenous  linear 
combina t ion  o f  3 non-coll inear  points. This would imply that  they agree in the first 3 
coll_lrllns, t h u s  0 t ---- B '  1 , U 2 = |1 '  2 ,  u .  I : 11 '3 ,  proving o u r  claim. 

Added in proof. Z. Fiiredi proved that there are values of  a, b and k for which 
m0z, k, {0, a, b } ) = O ( n  4'a) holds. Most  recently the author  showed that  for every 
rational p/q. p ~ q, there exist k and L with re(n, k, L ) =  O(nP'q). 
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